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ABSTRACT 

This  r e p o r t  p resents  the r e s u l t s  of a 
inves t iga t ion  on the reduct ion of boundary 
nozzles  by w a l l  cooling, w a l l  suc t ion ,  and 

t h e o r e t i c a l  and experimental 
l aye r  thickness  i n  low-density 
a combination of these  two. 

P o t e n t i a l l y  there  is  a twofold bene f i t  i n  reducing the thickness  of the  
nozzle boundary layer :  (1) a possible  increase  i n  d i f f u s e r  e f f ec t iveness ,  
and (2) a poss ib le  reduct ion  i n  the  amount of boundary l aye r  flow f o r  a 
s p e c i f i e d  usable  t e s t  sec t ion  s i z e ,  o r  an increase  i n  the  s i z e  of the  
usable  t e s t  s ec t ion  f o r  a given nozzle m a s s  flow. The t h e o r e t i c a l  develop- 
ment s ta r t s  wi th  the  proper i n t e g r a l  r e l a t i o n s h i p  fo r  a compressible 
laminar boundary l aye r .  The normal ve loc i ty  a t  the  w a l l  i s  allowed t o  
be f i n i t e  t o  include the  e f f e c t s  of w a l l  suc t ion .  Def in i t i ons  of momentum 
and displacement thicknesses  which account f o r  t r ansve r se  curva ture  a r e  
used. The r e s u l t s  of I g l i s c h ,  who developed an exac t  so lu t ion  f o r  incom- 
p r e s s i b l e  f l a t  p l a t e  flow with suct ion,  are used t o  es t imate  s k i n  f r i c t i o n  
c o e f f i c i e n t s .  The Prandt l  number i s  assumed t o  be u n i t y ,  and two-dimensional 
va lues  of &*/e a r e  used. An exponential  v e l o c i t y  p r o f i l e  which takes w a l l  
suc t ion  i n t o  account w a s  used to  est imate  boundary l aye r  he igh t .  

The t h e o r e t i c a l  r e s u l t s  were checked by an experiment i n  which a 
Mach number 9 - t o  - 11 porous nozzle w a s  operated a t  u n i t  Reynolds numbers 
i n  the range of 100/inch t o  600/inch. P i t o t  p ressure  surveys were used t o  
determine the e x i t  Mach number and boundary l aye r  th ickness .  Theore t ica l  
Mach number p red ic t ions  a r e  shown t o  agree with the experimental  r e s u l t s  
t o  wi th in  5%, and boundary layer  height  p red ic t ions  t o  wi th in  10%. 

Theore t ica l  r e s u l t s  are  presented which show the  e f f e c t s  of suc t ion  
and w a l l  cool ing a t  severa l  Reynolds numbers on nozzle diameter and uni -  
form core s i z e  f o r  a given t h r o a t  a rea  and Mach number d i s t r i b u t i o n .  It 
i s  concluded t h a t  the  use of suc t ion  and.cool ing may r e s u l t  i n  a l a r g e r  
t es t  s e c t i o n  s i z e ,  b u t  t h a t  the mer i t s  of a cooled porous w a l l  i n  any s p e c i f i c  
case must be decided from an ana lys i s  of the  complete wind tunnel system. 
* 
Engineering Center ,  Universi ty  of Southern Ca l i fo rn ia  
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SUMMARY 

This r e p o r t  p resents  t he  r e s u l t s  of a t h e o r e t i c a l  and experimental 
i n v e s t i g a t i o n  on t h e  reduct ion  of boundary l a y e r  th ickness  i n  low-density 
nozzles by w a l l  cooling, w a l l  suction, and a combination of t hese  two. 
P o t e n t i a l l y  the re  is a twofold bene f i t  i n  reducing t h e  th ickness  of t h e  
nozz le  boundary layer:  (1) a poss ib le  increase  i n  d i f f u s e r  e f f ec t iveness ,  
and (2) a poss ib l e  reduct ion  i n  the amount of boundary l a y e r  flow f o r  a 
s p e c i f i e d  usable  test  s e c t i o n  s i z e ,  o r  an  inc rease  i n  t h e  s i z e  of t h e  
usable  test s e c t i o n  f o r  a given nozzle mass flow. The t h e o r e t i c a l  
development starts wi th  the proper i n t e g r a l  r e l a t i o n s h i p  f o r  a compres- 
s i b l e  laminar boundary layer .  The normal v e l o c i t y  a t  the w a l l  is allowed 
t o  be  f i n i t e  t o  inc lude  the e f f e c t s  of w a l l  suc t ion .  Def in i t i ons  of 
momentum and displacement thicknesses which account f o r  t r ansve r se  curva- 
t u r e  are used. 
f o r  incompressible f l a t  p l a t e  f l o w w i t h  suc t ion ,  a r e  used t o  estimate sk in  
f r i c t i o n  c o e f f i c i e n t s .  The Prandtl  number i s  assumed t o  be un i ty ,  and 
two-dimensional va lues  of &*/e a r e  used. An exponential  v e l o c i t y  p r o f i l e  
which takes w a l l  suc t ion  i n t o  account was  used t o  estimate boundary l a y e r  
he ight .  

The r e s u l t s  of Ig l i s ch ,  who developed an exac t  s o l u t i o n  

The t h e o r e t i c a l  r e s u l t s  were checked by an experiment i n  which a 

P i t o t  p re s su re  surveys 
Mach number 9 - t o  - 11 porous nozzle w a s  operated a t  u n i t  Reynolds 
numbers i n  t h e  range of 100/inch t o  600/inch. 
w e r e  used t o  determine t h e  e x i t  Mach number and boundary l aye r  th ickness .  
Theore t ica l  Mach number pred ic t ions  are shown t o  agree  wi th  the  experi-  
mental r e s u l t s  t o  wi th in  5%, and boundary l a y e r  he igh t  p red ic t ions  t o  
w i t h i n  10%. 

* 
Engineering Center,  Univers i ty  of Southern Ca l i fo rn ia  



Theoret ical  r e s u l t s  a re  presented which show the  e f f e c t s  of suc t ion  
and w a l l  cooling a t  seve ra l  Reynolds numbers on nozzle diameter and uni- 
form core s i z e  f o r  a g iven  t h r o a t  area and Mach number d i s t r i b u t i o n .  It 
i s  concluded t h a t  the use of suc t ion  and cooling.may r e s u l t  i n  a l a r g e r  
tes t  sec t ion  s i z e ,  bu t  t h a t  the m e r i t s  of a cooled porous w a l l  i n  any 
s p e c i f i c  case must be decided from an a n a l y s i s  of t he  complete wind 
tunnel sys t e m .  

I. INTRODUCTION 

One of t he  main problems i n  designing a hypersonic low-density 
wind tunnel i s  devis ing a'pumping system t h a t  w i l l  handle t h e  h igh  
volume flows a t  the  tunnel e x i t .  These h igh  volume flows r e s u l t  
p r i m a r i l y  from the low pressure  recovery a s soc ia t ed  with a d i f f u s e r  
operat ing with an  en ter ing  flow f i e l d  t h a t  i s  l a r g e l y  composed of 
boundary layer .  A secondary cause of the  h igh  volume flow i s  the  d i r e c t  
e f f e c t  of t he  t h i c k  boundary l aye r  i n  the nozzle.  Since the  boundary 
l a y e r  flow sometimes f i l l s  a l a r g e  p a r t  of t h e  nozzle,  i t  i s  necessary 
i n  such instances t o  have a nozzle diameter many times t h a t  of the usable  
tes t  sec t ion .  This flow i n  the boundary l a y e r  must s t i l l  be pumped, and 
i t  cont r ibu tes  s i g n i f i c a n t l y  t o  the  high volume flow. Thus, i t  appears 
t h a t  p o t e n t i a l l y  the re  i s  a twofold b e n e f i t  i n  reducing the  thickness  
of the  nozzle boundary layer :  (1) a poss ib l e  increase  i n  d i f f u s e r  
e f fec t iveness ,  and (2) a reduct ion  i n  the  amount of boundary l aye r  flow 
t h a t  must be pumped f o r  a spec i f i ed  t e s t  s ec t ion  s i z e ,  o r  an increase  
i n  t h e  s i z e  of the  uniform t e s t  s e c t i o n  f o r  a given mass flow. 

This r e p o r t  p resents  the  r e s u l t s  of a t h e o r e t i c a l  and experimental  
study i n  the  cont ro l  0- boundary l aye r s  i n  low-density wind tunnel 
nozzles .  The work w a s  c a r r i e d  ou t  by the  Univers i ty  of Southern 
Cal i forn ia  Engineering Center under National Aeronautics and Space  
Administration Contract NAS 8-5056. The NASA Marshall  Space F l i g h t  
Center, Huntsvi l le ,  Alabama, i n s t i t u t e d  the  con t r ac t  i n  an  a t t e m p t  t o  
develop an understanding of nozzle  boundary l a y e r  cont ro l  which would 
b e  usefu l  i n  t h e  design of nozzles f o r  a low dens i ty  tes t  f a c i l i t y .  
The f a c i l i t y  i s  t o  be  of t he  cryopumped type (one-kilowatt  r e f r i g e r a t o r  
capac i ty) ,  wherein the  flow leaving the  nozzle  i s  condensed on an a r r a y  
of cold plates.  The planned Mach number range i s  from 3 t o  12 .  The 
maximum nozzle flow rate which can be  con t inua l ly  accepted by a 1-Kw 
cryopump is about 2.8 grams of n i t rogen  p e r  second ( t h i s  assumes t h a t  
a l l  t h e  flow has been precooled t o  100'K). Thus, although the  boundary 
l aye r  study he re in  descr ibed uses  a genera l  approach, t he  above considera- 
t i o n s  served more or  less as gu ide l ines ,  and the  experimental  po r t ion  
of t h e  study w a s  performed i n  a small cryopumped tank. This tank c l o s e l y  
simulated the condi t ions which should .be  encountered i n  the  f u l l  scale 
f a c i l i t y  , 
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11. FACTORS AFFECTING NOZZLE BOUNDARY LAYER CONTROL 

For the  purposes of t h i s  study, t he  "control" of t h e  'boundary 
l a y e r  means reducing the height  and preventing separat ion.  For a 
f ixed  Reynolds number, the  parameters having the  g r e a t e s t  e f f e c t  on 
t h e  boundary layer  he ight  a r e  (1) pressure g rad ien t ,  (2) sur face  
roughness, (3) r a t i o  of sur face  temperature t o  f reestream temperature, 
and (4) su r face  suc t ion  o r  in jec t ion .  These parameters are discussed 
i n  the following sec t ions .  

A. Pressure Gradient 

I n  a nozzle, t he  pressure grad ien t  i s  favorable  (i .e. ,  nega- 
t i v e ) ,  and increasing the  pressure grad ien t  w i l l  genera l ly  reduce the  
nozzle  length  and lower the boundary l aye r  he ight  i n  t h e  tes t  sec t ion .  
However, s i n c e  t h e  magnitude of t h i s  grad ien t  depends upon the  Mach 
number g r a d i e n f a n d  l a r g e  test  sec t ion  Mach number g rad ien t s  a r e  
undes i rab le ,  there  i s  a l i m i t  t o  the allowable pressure grad ien t .  I f  
t h e  nozzle i s  t o  have a region of uniform p a r a l l e l  flow, the re  is  a 
minimum nozzle length  required;  however, Reference 1 shows t h a t  the 
nozzle  length  can be s i g n i f i c a n t l y  reduced i f  small Mach number gra- 
d i e n t s  a r e  acceptable.  

B. Surface Roughness 

Surface roughness has the  p o t e n t i a l  of inf luencing the  boun- 
dary l aye r  he ight  i n  two regimes. 

On t he  macroscopic sca l e ,  reducing t h e  sur face  roughness w i l l  
r e t a r d  the  t r a n s i t i o n  t o  turbulent  flow when the  roughness elements a r e  
g r e a t e r  than some c r i t i c a l  value.  
below t h i s  value,  add i t iona l  smoothing of t he  sur face  has no e f f e c t  on 
t h e  t r a n s i t i o n ,  and apparent ly  the laminar bdundary l aye r  i s  unchanged 
also. With ordinary care  the  roughness of machined sur faces  i s  below 
t h e  c r i t i c a l  value.  

When t h e  roughness elements a r e  

On t h e  microscopic sca l e ,  Reference 2 shows t h a t  sur faces  a r e  
a t t a i n a b l e  where a s i g n i f i c a n t  f r a c t i o n  of the rebounding molecules 

I n  the  l imi t ing  case with 
no lobs of t angen t i a l  momentum a t  the  sur face ,  the  boundary layer  could 
be eliminated; unfortunately,  t h e  techniques requi red  t o  produce these  
sur faces  a r e  not  s u i t a b l e  f o r  wind tunnel construct ion,  and the use of 
sur faces  of t h i s  degree of smoothness does not  s e e m  f eas ib l e .  

*have t h e i r  t angen t i a l  momentum unchanged. 
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C. Temperature Rat io  

Reducing the  w a l l  temperature causes a reduct ion  i n  boundary 
l a y e r  height .  For example, Reference 3 shows t h a t  reducing the w a l l  
temperature from a d i a b a t i c  w a l l  temperature t o  f rees t ream temperature 
reduces a two-dimensional laminar boundary l aye r  by 50% a t  M = 7.0. 
The reduct ion i s  somewhat g r e a t e r  a t  the  h igher  Mach numbers. Thus, a 
cooled nozzle wal l  appears t o  be a usefu l  means of reducing the  boundary 
l a y e r  height.  This w a l l  cooling a l s o  has s t r u c t u r a l  advantages, s ince  
a t  h igh  Mach numbers the a d i a b a t i c  w a l l  temperature i s  too high f o r  most 
materials . 

D. Surface Suction and I n j e c t i o n  

There have been many papers published on t h e  use of su r face  
i n j e c t i o n  to  reduce w a l l  h e a t  t r a n s f e r ,  b u t  the  use of t h i s  process 
causes a n  increase i n  t h e  boundary l a y e r  he ight .  Reference 4 shows t h a t  
the  converse i s  t rue ,  t h a t  suc t ion  increases  the h e a t  t r a n s f e r  and reduces 
the  boundary l a y e r  he ight .  S t a lde r  [5]  descr ibes  the  performance of a 
Mach number 4 porous nozzle developed a t  the Univers i ty  of Ca l i fo rn ia  Low- 
Density Fac i l i t y .  This nozzle  w a s  constructed by bo l t ing  toge ther  a 
series of f l a t  p l a t e s ,  machining the des i r ed  contour,  and then removing 
every o ther  p l a t e  t o  achieve the  des i r ed  poros i ty .  It w a s  found t h a t  by 
varying the  p l a t e  back pressure ,  t he  Mach number could be kept  nea r ly  
cons tan t  over a wide Reynolds number range. 

To demonstrate the p o s s i b i l i t i e s  of suc t ion  and t o  present  the  
o v e r a l l  trends,  ca l cu la t ions  were made on t h e  reduct ion  i n  boundary 
l a y e r  height  t h a t  can be a t t a i n e d  using suc t ion  and cold w a l l s  on a f l a t  
p l a t e  i n  a uniform stream. 
Reference 6 (summarized i n  Appendix A) and were made f o r  a f rees t ream 
Mach number of 10 with a u n i t  Reynolds number of 600/ in  and suc t ion  
v e l o c i t y  of 2.26% of the f rees t ream ve loc i ty .  These condi t ions are 
roughly those which one would obta in  a t  a flow r a t e  of 1 gram/sec i n  a 
12-inch diameter nozzle wi th  a displacement thickness  of 2.8 inches.  
The suc t ion  v e l o c i t y  i s  approximately t h a t  r e s u l t i n g  from a 50%-open- 
area p l a t e .  
It is  apparent t h a t  t he  cool ing reduces the  boundary l aye r  he igh t  by a 
f ixed  f r a c t i o n  a s  the  p l a t e  l ength  is  increased,  whereas the  suc t ion  
causes an increasing f r a c t i o n a l  reduct ion  as the  p l a t e  length  i s  increased. 
Thus the  cooling produces another  "similar" so lu t ion  while  t he  suc t ion  does 
not.  The e f f e c t  of t h e  suc t ion  can be roughly v i s u a l i z e d  as imposing a 
uniform normal v e l o c i t y  on the  flow over the  p l a t e .  Since t h i s  imposed 
v e l o c i t y  i s  small compared t o  the f rees t ream v e l o c i t y ,  t he  boundary layer  
he igh t  i s  p r a c t i c a l l y  unaffected where the growth r a t e  of the  boundary 
l a y e r  i s  comparable t o  the f rees t ream v e l o c i t y ,  i . e . ,  a t  the  f r o n t  of the 
p l a t e .  

The computations used the  equations of 

The r e s u l t s  of t he  ca l cu la t ions  are  presented i n  Figure 1. 

Af t  on the p l a t e ,  the  boundary l aye r  growth r a t e  diminishes and 
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t h e  imposed suc t ion  v e l o c i t y  is increas ingly  e f f e c t i v e  i n  reducing the  
he ight .  This model i s  use fu l  only for  explaining the  major t rends  and 
does n o t  q u a n t i t a t i v e l y  r ep resen t  the problem, however. 

For comparison, the boundary l aye r  he igh t  has been ca l cu la t ed  
f o r  a u n i t  Reynolds number of 200/inch, while  holding t h e  o the r  f a c t o r s  
f ixed.  The two cold-wall ca l cu la t ions  a r e  compared i n  Figure 2. 
i t  is  seen t h a t  f o r  a f ixed  longi tudina l  l oca t ion ,  t h e  f r a c t i o n a l  reduc- 
t i o n  i n  boundary l a y e r  he igh t  i s  smaller f o r  t he  lower u n i t  Reynolds 
number case. This i l l u s t r a t e s  a poss ib le  d i f f i c u l t y  i n  using t h i s  boun- 
dary l a y e r  cont ro l  technique a t  extremely low u n i t  Reynolds numbers. 

Here 

E, Combined Suction and Cooling i n  a Cryopumped Wind Tunnel 

I n  a conventional low-density wind tunnel,  the f e a s i b i l i t y  of 
reducing the boundary l a y e r  he igh t  by means of suc t ion  is  l imi t ed  by the  
very  l a r g e  suc t ion  volume flow which must be pumped. 
by Enkenhus [7]  demonstrated t h a t  t h e  b e n e f i c i a l  e f f e c t  of suc t ion  on 
reducing t h e  boundary l aye r  he igh t  and increas ing  the test core s i z e  
could be j u s t  as w e l l  accomplished by adding the s u c t i o n  pumps t o  t h e  
main test  s e c t i o n  flow pumps and increasing the  nozzle s i z e .  

I n  f a c t ,  an a n a l y s i s  

There. i s  one pump, however, which can overcome many of t he  
problems a s soc ia t ed  wi th  high volume flows. This i s  the  cryopump, which 
uses  a h ighly  cooled su r face  t o  condense t h e  tunnel flow. In a t y p i c a l  
i n s t a l l a t i o n  using a helium r e f r i g e r a t o r ,  extremely low pressures  (of 
t h e  order  of IIUU Hg o r  lower) a r e  a v a i l a b l e  i f  t h e  tunnel gas i s  
n i t rogen  o r  a combination of nitrogen and oxygen. These pressures  are 
much lower than t h e  s ta t ic  pressures of a typ ica l  low dens i ty  f a c i l i t y ,  
so it is p o s s i b l e  t o  place the condenser plates  i n  a chamber downstream 
of t h e  test s e c t i o n  and thus provide the low pressure  reg ion  requi red  
t o  ope ra t e  the  tunnel. 

Rogers [8] has inves t iga ted  t h e  p o s s i b i l i t i e s  of boundary 
l a y e r  con t ro l  i n  a small-scale wind tunnel of t h i s  type, It i s  shown 
i n  Reference 8 t h a t  t h e  use  of suc t ion  combined wi th  h ighly  cooled 
nozz le  w a l l s  ( l i qu id  n i t rogen  w a s  used i n  t h i s  case) r e s u l t s  i n  a 
lower h e a t  load t o  the  cryopump, so  t h a t  l a r g e r  tunnel mass flows may 
be accepted. Thus, t h e  use of w a l l  suc t ion  and cooling i n  a cryopumped 
wind tunnel appears  t o  be an e spec ia l ly  promising means of reducing the  
he igh t  of t he  boundary l aye r  and increasing the  s i z e  of t h e  t e s t  core. 
The e f f e c t s  of combined suc t ion  and cooling, are examined q u a n t i t a t i v e l y  
i n  Section V I  of t h i s  r epor t .  
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111. THEORETICAL DEVELOPMENT 

A l i t e r a t u r e  search w a s  made f o r  methods of computing the  thickness  
of a laminar low-density boundary l aye r  i n  an axisymmetric nozzle.  The 
search  yielded th ree  approximate methods f o r  boundary l a y e r  ca l cu la t ion ,  
namely,those of Durand and P o t t e r  [9],  Johnson [ l o ] ,  and Maslach and 
Sherman [ 111. 

Of the  above re ferences ,  only the  f i r s t  t akes  i n t o  account t ransverse  
curvature  e f f e c t s  i n  def in ing  displacement th ickness  (63~) and momentum 
thickness  (e) .  The e f f e c t  of t r ansve r se  curva ture  on axisymmetric boun- 
dary l aye r s  i s  discussed by Probs te in  and E l l i o t t  [12]. This e f f e c t  i s  
important i f  the boundary l aye r  thickness  comprises a s i g n i f i c a n t  f r a c t i o n  
of the nozzle r ad ius ,  which i s  the  case i n  a low dens i ty  nozzle .  The f o l -  
lowing development the re fo re  p a r a l l e l s  the  work of Durand and P o t t e r  [SI. 
Changes have been made where necessary t o  include the  e f f e c t s  of w a l l  
suc t ion .  The coordinate  system i s  given i n  Figure 3,  where t h e  expres- 
s ion  "expansion core" has been r e t a i n e d  from Durand and P o t t e r .  This 
"core" i s  the one t o  which 6>? i s  added t o  ob ta in  the  w a l l  contour,  b u t  
i n  the  case of suc t ion  it does not  determine the  a r e a  r a t i o  of the  nozzle ,  
s ince  some of the  flow has "expanded" through the  w a l l s .  

A .  Boundary Layer Momentum I n t e g r a l  f o r  Computation of 6* 

We begin wi th  the  con t inu i ty  and momentum equat ions f o r  a x i a l l y  
symnetric flow. 

Continuity: 

a a - (pur) + - (pvr) = 0. as dY 

Momentum: 

Mult iplying equat ion (2) by r and in t eg ra t ing  through t h e  boundary 
l a y e r  from 0 t o  6 g ives  

0 0 0 0 

6 



Now i f  t he  con t inu i ty  equation is  in t eg ra t ed  wi th  suc t ion  
allowed a t  the  w a l l  (VO # 0),  i t  becomes 

V 

pvr - povoa = - f & pur dy. 

0 

Subs t i t u t ing  equation (4) i n t o  equation (3) ,  we have 

(4) 

0 0 0 

I n t e g r a t i n g  by p a r t s  the second term on the  l e f t  hand s i d e  and 
t h e  t h i r d  term on t h e  r i g h t  hand s i d e ,  and rear ranging ,  we  ob ta in  

- f $ povoa dy. 

0 

I f  we s u b s t i t u t e  Eu le r ' s  equation - dp/ds = p u &l for the as 
pres su re  g rad ien t ,  and i n t e g r a t e  the l a s t  term of equation ( 6 ) ,  we have 
( a f t e r  mul t ip ly ing  by -1) 

0 0 0 

(7 1 
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I f  t he  ind ica ted  d i f f e r e n t i a t i o n  i n  the f i r s t  two terms i s  
c a r r i e d  out, and the term 

0 

is  added t o  and subt rac ted  from equation (7),we g e t  

0 0 0 

I f  w e  d iv ide  equat ion (8) by p1 u12 a ,  combine the second and 
t h i r d  terms, and break the f i r s t  term i n t o  two terms, we have 

We now de f ine  the displacement and momentum thicknesses  i n  
terms of a x i a l l y  symmetric flow t o  account f o r  the  t ransverse  curvature  
e f f e c t  of a t h i c k  boundary l aye r .  
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2 m  p(uU1 - u2) dy. 

(11) 

2 a  p1 u12 dy = 

0 

Momentum Flow Defect: 

0 

If it i s  now assumed t h a t  cos o E cos wo = cos wecI equations (10) and 
(11) can be w r i t t e n  

where 

and 

E** cos w * ,  
2a 61 E 6 

where 

e2 COS w 
2a . e l - e -  

When equations (12) and (14) a r e  s u b s t i t u t e d  i n t o  equat ion  (9 ) ,  and 
dx cos w s u b s t i t u t e d  f o r  ds,  we obtain the  i n t e g r a l  momentum equat ion  
f o r  axisymmetric flow with suction: 



and 

2 L e Q  (from assumption of no pressure  
change across ,boundary  l aye r ) .  To Pl 

I n  p lace  of the quan t i ty  81/e1, Durand and P o t t e r  recommend the 
s u b s t i t u t i o n  of (6;k/e)zd. 
and g r e a t l y  reduces the complexity of t he  c a l c u l a t i o n s .  

This i s  shown t o  be a very  good approximation, 

Equation (16) i s  a l i n e a r ,  f i r s t  order d i f f e r e n t i a l  equation, 
t h e  so lu t ion  of which can be given a s  

X 

0 

0 

and 

f s ec  w + a T ,  
s e c  w. 

2 u 1  To 
W(x) = 

I f  it i s  assumed t h a t  the boundary layer  c a l c u l a t i o n s  w i l l  be  
s t a r t e d  a t  t h e  t h r o a t  with x = 0, M, = 1, and el(o) = 0, then equation (17) 
becomes 

To so lve  equation (20) it i s  necessary t o  f ind  methods of eva lua t ing  
Cf, vo/ul, and (6*/8)zd. These items a r e  discussed below. 
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Skin F r i c t i o n  Coeff ic ient ,  Cf ,  and Form Factor ,  (S*/  8 )  2d 

Lew and Fanucci [4] give  an exact  so lu t ion  f o r  uniform suc t ion  
on a f l a t  p l a t e  i n  cqmpressible flow. 
propor t iona l  t o  T, the  equations have the  same form i n  both t h e  incom- 

. -press ib le  and compressible cases,  and all the  r e s u l t s  f o r  the incompres- 
s i b l e  case can be used. Appendix B shows the  equivalence f o r  the  i n t e g r a l  
equations.  

They po in t  ou t  t h a t  when p is  

I g l i s c h  [13] has developed an exact  so lu t ion  f o r  two-dimensional 
incompressible flow wi th  suct ion.  
are given as funct ions 0f G. 
p l a t e ,  Einc,, i s  defined as Sinc  = ( v o / u ~ ) ~  Reinc,  where R e i n c  = poulx/po. 
To ob ta in  the  corresponding compressible values  i n  t e r m s  of. the f reestream 
Reynolds number it should be observed t h a t  

Skin f r i c t i o n  c o e f f i c i e n t  and (S*/8)2dinc. 
The nondimensional d i s tance  along the 

s ince  p - T and the  s t a t i c  pressure is assumed constant  through the  
boundary layer .  
be  used d i r e c t l y  as funct ions of 

Thus the  r e s u l t s  of I g l i s c h  f o r  Cf and (S*/8)2dinc can 

La instead of . 
T O  

Figure 4 was taken from Table I1 in  Ig l i s ch .  The value of (8*/8)2dinc 

obtained from the  f i g u r e  i s  used in  the  following equation (derived i n  
Reference 14) t o  g e t  (8*/8)2d: 

I f  pressure grad ien t  is t o  be taken i n t o  account,  t he  r e s u l t s  
n f  Cohen and Reshotko [15] can be used. They g ive  the  following equa- 
t i o n  f b r  S* le :  

where H t  
sure  g r a s i e n t  parameter, n. 
parameter is  discussed i n  Reference 15. 

i s  a funct ion of wal l  t o  freestream enthalpy r a t i o  and a pres- 
Determination of t he  pressure  g rad ien t  
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The following equat ion f o r  C f ,  which includes the e f f e c t  of 
pressure  grad ien t ,  i s  given i n  Reference 15: 

( a  i s  a func t ion  of n and To/TT 
1 

The inf luence of pressure g rad ien t  was n o t  accounted f o r  i n  the  present  s tudy.  

Suction Velocity Rat io ,  v0 /uL 

Since t h e  v e l o c i t y  r a t i o  i s  the  dominant f a c t o r  i n  reducing 
the  boundary l a y e r  he igh t  by suc t ion ,  i t  i s  necessary t o  re la te  t h i s  
r a t i o  t o  the pore o r  ho le  geometry used on the  nozz le  w a l l .  I n  the 
theo re t i ca l  ana lys i s ,  i t  i s  assumed t h a t  a uniform normal v e l o c i t y  
e x i s t s  a t  the w a l l .  I n  any physical  case, i t  w i l l  be necessary t o  use 
an  a r r a y  of ho les  wi th  d i s c r e t e  spacing. By making the  ho le  s i z e  and 
spacing small enough, i t  should be poss ib l e  t o  ob ta in  a nea r ly  uniform 
normal ve loc i ty .  

If the  g rad ien t s  i n  t h e  boundary l aye r  have a neg l ig ib l e  e f f e c t  
on the  flow through t h e  holes ,  t h e  ho le s  may be considered as tubes with 
r e s e r v o i r  condi t ions equal  t o  the  l o c a l  w a l l  s t a t i c  pressure  and l o c a l  
w a l l  temperature. 
t h e  problem becomes one of determining t h e  "choking" m a s s  flow through 
tubes of varying L/D and Reynolds number. 
l ength  "L" w i l l  be the  w a l l  th ickness  which w i l l  be  determined from a cam- 
promise involving cons idera t ions  of thermal conduct iv i ty ,  s t r u c t u r a l  
l ength ,  and the  suc t ion  mass flow. It i s  d e s i r a b l e  t o  have t h e  w a l l s  
t h i c k  t o  a s su re  adequate s t r e n g t h  and t o  minimize the  number of cool ing 
c o i l s  t h a t  must be  used on the  w a l l s ;  however, a t  low Reynolds number 
i t  is  necessary t o  minimize the w a l l  th ickness  t o  a l low high suc t ion  
mass flows wi th  the  a t t endan t  high suc t ion  v e l o c i t y  r a t i o s .  

I f  the  tube e x i t  p ressures  are assumed t o  be n e g l i g i b l e ,  

I n  the design of a nozzle ,  the  

There i s  one regime where s i m p l e ,  a ccu ra t e  estimates can be  
made of the m a s s  f low through tubes.  This i s  the f r e e  molecular flow 
regime, where i t  i s  assumed t h a t  the  gas  dens i ty  i s  so  low t h a t  the 
molecules c o l l i d e  with the  w a l l s  many times before  they c o l l i d e  wi th  
one another. I n  t h i s  l imi t ing  regime, t h e  e f f e c t s  of L/D can be r e a d i l y  
assessed  using published graphs (Reference 1 6 ,  f o r  example). 
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For the  p a r t i c u l a r  case of a sharp-edged o r i f i c e ,  the con- 
tinuum mass flow has been computed t h e o r e t i c a l l y  and roughly checked 
experimental ly ,  as shown i n  Reference 17. Here i t  is  shown t h a t  with 
adequate pressure  r a t i o  (g rea t e r  than 13) the  r a t i o  of ac tua l  mass flow 
t o  t h a t  e x i s t i n g  with a uniformly choked opening is about 85%. 
t h i s  re ference  presents  the  experimentally determined change i n  mass 
flow r a t i o  as the Reynolds number i s  reduced t o  f r e e  molecular condi- 
t ions .  This da t a  w a s  l imi ted  to  L/D = 1/40. Brown, e t  a l .  1181 g ive  
experimental  r e s u l t s  a t  h igher  values of L/D. Data from both Refer- 
ences 17 and 18 a r e  shown i n  Figure 5, along wi th  f r e e  molecular va lues  
of var ious  L/D. 

Further ,  

The Reynolds number, ReD, i s  based on sonic  flow. 

While the da ta  i n  Figure 5 a l l  have s i m i l a r  l e v e l s  a t  small 
va lues  of the  parameter 6 4 / R e ~  L/D, a t  the higher  values  of t h i s  param- 
e t e r  the da ta  show a d e f i n i t e  trend with L/D. Thus a t  the higher  va lues  
of 64/ReD L/D, tubes with l a rge r  L/D r a t i o s  have lower m a s s  flow r a t i o s .  
The f i n a l  value a t t a i n e d  i s  the f ree  molecular flow va lue ,  and the curve 
then ceases t o  change with 64/ReD L/D. 

Using Figure 5 with s u i t a b l e  f a i r i n g ,  &/A* i s  known and vo is 
given by the  equation (negative sign f o r  suc t ion)  

- vo - - 
Po a 0  

where 

i i s  the suc t ion  mass flow r a t e ,  

As. is  the suc t ion  mass flow r a t e  with uniform sonic  

S 

flow through the holes ,  

PO i s  average dens i ty  a t  the  w a l l ,  and 

AIo is  wall  a r ea  

f o r  t he  nozzle  considered. Using s tandard equat ions f o r  sonic  mass 
flow (Reference 19,  p. 82), the r a t i o  vo/ul can be expressed as 

lil 

V O / U l  - - - .0165 E A?!- Ml rh ~ T ~ / T ,  
s* 

(24) . 

where @ , i s  the r a t i o  of open a rea  t o  t o t a l  wal l  a rea .  
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B. Determination of the  Boundary Layer Thickness 

A l l  of the  d iscuss ion  up t o  t h i s  po in t  has concerned computa- 
t i o n  of the displacement thickness ,  Mach number, and nozzle  rad ius .  
Of equal importance i s  the  determinat ion of t he  a c t u a l  th ickness  of 
the boundary l aye r ,  6. It i s  t h i s  quan t i ty  which determines the s i z e  
of the  uniform t e s t  core.  I n  t h i s  development, 6 i s  def ined as the  
he igh t  where the v e l o c i t y  has reached e i t h e r  99% or  99.9% of t he  f r ee -  
stream veloc i ty .  The equations a r e  s e t  up so  t h a t  e i t h e r  of these  o r  
any other  des i r ed  v e l o c i t y  r a t i o  can be spec i f i ed .  

Equating Equations (12) and (13) gives  

Subs t i t u t ing  r = a - y cos w, and using ye f o r  6, where the  
subscr ip t  e is used t o  denote the  edge of the boundary l a y e r ,  w e  have 

0 0 

For ease of computation, equat ion (26) has been f u r t h e r  s impl i f i ed  by 
breaking up the  i n t e g r a l s  as follows: 

Evaluation of the i n t e g r a l s  i n  equat ion (27) w i l l  now be 
discussed. 
Romano [6], which has been summarized i n  Appendix A .  The f i r s t  
i n t e g r a l  may be w r i t t e n  

The development draws heav i ly  on the  work of Lew and 

0 0 

14 



where the  v a r i a b l e  of i n t e g r a t i o n  has been changed from y t o  T (see 
Appendix A). It is  shown i n  Appendix A t h a t  

With t h i s  s u b s t i t u t i o n ,  we have 

0 

Subs t i t u t ing  f o r  6, t h e  expression 6, = 2MRe Go (see Appendix A) and 
using the  d e f i n i t i o n s  of Re and Go given i n  Appendix A, equat ion (29) 
s i m p l i f i e s  t o  

0 0 

To c a r r y  ou t  t he  ind ica ted  in t eg ra t ion ,  i t  i s  necessary t o  
assume a v e l o c i t y  p r o f i l e .  I n  Reference 9, a v e l o c i t y  p r o f i l e  of t he  

is used and good c o r r e l a t i o n  with experimental ly  form u/ul  = s i n  

obtained va lues  of 6 i s  shown. An exact s o l u t i o n  f o r  the suc t ion  case 
is given i n  Reference 4, but  the computations a r e  laborious.  Lew and 
Romano suggest an exponential  p r o f i l e  of the form u / u 1  = 1 - e-"(l - TK) 
(see Appendix A ) .  This p r o f i l e  showed good agreement with an exac t  solu- 
t i o n  f o r  t h e  two-dimensional asymptotic suc t ion  case [4] a t  Mach number 
10 and To/Tl = 4. For the  same conditions,  i t  over-estimated the  boun- 
dary l a y e r  th ickness  f o r  the no-suction case (exact s o l u t i o n ,  Reference 20) 
by about 20%. Subs t i t u t ing  t h e  above v e l o c i t y  p r o f i l e  (equation (11) of 
Appendix A) and in tegra t ing ,we g e t  

2 

where terms involving e-Te and e-2Te have been dropped s i n c e  they a r e  
neg l ig ib l e .  
Appendix A. 

h is  determined by Lew and Romano's s o l u t i o n ,  equation (13) ,  
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where 

A l l  quan t i t i e s  needed t o  eva lua te  6 a r e  known, and A is  determined by an 
i t e r a t i o n  of equat ion (32). 
determined by equation (11) of Appendix A f o r  u/ul  = .999 ,  o r  whatever 
v e l o c i t y  r a t i o  has been se l ec t ed  t o  de f ine  the  edge of the boundary 
layer .  

With A known, K may be evaluated,  and -re 

The second i n t e g r a l  i n  equat ion (27) may be w r i t t e n  (following 
a development s i m i l a r  t o  t h a t  f o r  the  f i r s t  i n t e g r a l ) :  

0 0 

The expression f o r  y as a func t ion  of z i s  obtained by in t eg ra t ing  
equat ion (6) of Appendix A ,  which may be w r i t t e n  i n  the  form 

Subs t i tu t ing  the exponential  v e l o c i t y  p r o f i l e  f o r  G/u1 and car ry ing  out  
t he  in tegra t ion ,  one obta ins  
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where 

- .  

I f  w e  now replace the  i n t e g r a l  expressions i n  equation (27) by 
equat ions  (31) and (33),  and use equation (35) f o r  y, we g e t  

- 1 + K ]  6* (1 - 2a 

I n  t h i s  equation 6*, a, po, vo, py, To/T,, and cos w are a l l  
known q u a n t i t i e s .  
after terms involving emTe are dropped (Te i s  always of the order of 
4.5 to  8),  

The term ye is given by equation (35) which becomes, 

+ ( % - . l + v N 2 5 ) ( ~ e - 1 + K ) ] .  1 

To 

I n  t h e  above set of equations, h and a l l  th ings  determined by 

They cannot be eva lua ted  a t  t h e  
i t  (namely, K, ‘te, (u/u,), and Q) must be  considered as a func t ion  of a 
f l a t  p l a t e  x, which we could c a l l  x’, 
p a r t i c u l a r  nozzle  x under consideration, s ince  then equat ion  (37) would 
be  overspec i f ied .  It is  noted t h a t  h is determined by equat ion (32) and 
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t h e  x' dependence e n t e r s  as the  Reynolds number. Thus, t o  determine 6, 
we assume f o r  the moment t h a t  t he  boundary l a y e r  i s  on a f l a t  p l a t e  wi th  
a known Mach number, To/Tl and 6'k, and vary  the  x' u n t i l  equations (37) 
and (38) a re  simultaneously s a t i s f i e d .  The term 6 i s ,  of course, t he  
va lue  of ye f o r  which the equations a r e  s a t i s f i e d ;  

One problem occurred i n  the computation of 6 by t h e  method 
ou t l ined  herein. For s u f f i c i e n t l y  high u n i t  Reynolds numbers i n  t h e  
suc t ion  case, no s o l u t i o n  f o r  6 could be obtained, s i n c e  f o r  t he  6*, 
Mach number and o ther  condi t ions  given (which a r e  those occurring i n  
a nozzle,  not a f l a t  p l a t e ) ,  t h e  boundary l a y e r  he ight  on a f l a t  p l a t e  
does not  reach a high enough va lue  a t  any x' t o  s a t i s f y  the  equations.  
Suction boundary l aye r s  doanot continue t o  grow i n d e f i n i t e l y ,  bu t  reach 
a maximum height  a t  the po in t  where the  suc t ion  v e l o c i t y  balances the  
r a t e  of growth. This l i m i t a t i o n  w a s  encountered only once i n  the  course 
of t h i s  study. The conditions f o r  which no s o l u t i o n  could be  reached 
occurred i n  a 10" ha l f -angle  nozzle a t  a Mach number of 7.66, a u n i t  
Reynolds number of 5200/inch, with a suc t ion  v e l o c i t y  r a t i o  V O / U ~  of 
-.0305 (the minus s ign  ind ica t e s  suc t ion ) .  The wal l - to- f rees t ream 
temperature r a t i o ,  To/T,, was 1.88. The l i m i t a t i o n  thus apparent ly  
occurs only a t  r e l a t i v e l y  high u n i t  Reynolds numbers and suc t ion  veloc- 
i t y  r a t i o s  ( the  open a rea  i n  the  above case was 60% of the w a l l  area)  
even f o r  highly cooled w a l l s .  For most cryopumped wind tunnels,  i t  i s  
considered t h a t  the l i m i t i n g  conditions would r a r e l y  be  encountered. 

IV. METHODS OF CALCULATION 

A. Displacement Thickness, 6" 

We now proceed t o  d i scuss  t h e  methods of solving equation (20). 
Two b a s i c  approaches a r e  poss ib l e ,  depending on what information i s  given. 
I n  both methods, i t  i s  necessary t o  i n t e g r a t e  equation (20) numerically. 
Also ,  an i t e r a t i v e  procedure i s  necessary i n  both methods. 

The f i r s t  method a t t a c k s  the  problem of c a l c u l a t i n g  the Mach 
number and uniform core r a d i u s  with a given nozzle shape and po ros i ty  
d i s t r i b u t i o n .  The procedure i s  of t he  i t e r a t i v e  type because the  Mach 
number depends on the  magnitude of t h e  suc t ion ,  and i n  t u r n  the suc t ion  
mass flow depends on the  Mach number d i s t r i b u t i o n .  It is  necessary t o  
assume hole diameter D as a func t ion  of x. It is considered t h a t  t he  
ho le  diameters can be  s a f e l y  made to  be  20% of the expected boundary 
l a y e r  thickness. The c a l c u l a t i o n s  are not  s e n s i t i v e  t o  the  ho le  s i z e  
chosen, and thus  conservative va lues  should be used. The nozzle i s  
divided in to  severa l  increments of length,  Ax. The c a l c u l a t i o n  is not  
p a r t i c u l a r l y  s e n s i t i v e  t o  t h e  number of increments chosen. For Mach 
numbers of t h e  order of 12, twenty increments u sua l ly  g ives  an accuracy 
cons i s t en t  wi th  the accuracy of t he  theory. The c a l c u l a t i o n  i s  begun 
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a t  t h e  f i r s t  x and proceeds down the nozzle,  6* and Mach number being 
c a l c u l a t e d  a t  each x. It i s  necessary t o  compute S only a t  t h e  last  x. 
To begin the  ca l cu la t ion ,  i t  i s  necessary t o  assume a va lue  of t he  Mach 
number a t  t h e  f i r s t  s t a t i o n  considered. 
nozzle,  where t h e  boundary l aye r  i s  t h i n ,  a good f i r s t  guess is the  Mach 
number which would occur wi th  no boundayy l a y e r  and no suction. Fur ther  
down t h e  nozzle, i t  is b e t t e r  t o  add small Mach number increments t o  t h e  
Mach number a t  t h e  previous s t a t i o n  u n t i l  agreement is  obtained. 

I n  t h e  i n i t i a l  p o r t i o n  of the 

The c a l c u l a t i o n  is summarized as follows: For 5, assume a 
Mach number M,, where n r e f e r s  t o  the nozz le  loca t ion .  
pl, ul, from known s tagnht ion  conditions and i s e n t r o p i c  equations.  

Compute ply T1, 

2 L D  1 
= Reynolds number based 

on hole  diameter and 
sonic  conditions.  

ReD =L 4 5  
(1 ++) 2(7-1) 

where c ~ p c  i s  given by IJ-~ = 

2 

PlX - P  
= average p res su re  over the i n t e r v a l  Ax. - - n +n- 1 

Pl avg . 2 

@'I@ = same as and i s  read  from Figure  5 a t  proper v a l u e  
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vo/ul = -.0165 A 
Ml @ 

= T, (1 + 9 M12 &) = a d i a b a t i c  wal l  temperature. 
Taw 

C 

2 & is  taken from Figure 4 

(6fc/0)2dinc is  taken from Figure 

(W/0)2d = (6fc/f3)2d ( T o / T i )  + i n  c 

a t  proper value of ~k 
TO 

4 a t  proper value o f 6  
TO 

Taw - -  1 
T l  

L u1 Javg 2 

cf +xQT1- 
w(x) = 2 cos w u1 To cos w 

1 

Note: When xn-l  = 0 ,  take G(x) W(x) = 3 (Cf/2 COS w), 

s ince  Cf = 
'fav and G(x) i s  of the  order  of 1. 2 
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2 cos w 
a 

86: = - 
cos a w [l - Jl - 

r = a - 6* cos w e c  

0 AS/m* = 
1 'TO A* 

(Summation of suc t ion  
flow up t o  xn divided 
by the t o t a l  nozzle flow) 

* This equation r e s u l t s  from forming the  r a t i o  of the flow p e r  u n i t  
a r e a  a t  any nozzle s t a t i o n  t o  the  flow per u n i t  a rea  a t  the throa t .  

M 
1 

I L  - ' TT1 (1 4- M2) 2(y - 1) A* y +  
ec m 

A 

A 

where i s  the  mass flow i n  the  
s idered. Thus, 

expans ion ,core a t  t he  s t a t  ion con- 

2 1  



I f  M, assumed is  wi th in  a s p e c i f i e d  to l e rance  of the  Mach number given 
by A/%, the ca l cu la t ion  of 69: and Mach number i s  complete. 
a new value of M, i s  assumed and the  ca l cu la t ion  repeated.  

Otherwise, 

The second method begins with a known Mach number d i s t r i b u t i o n  
and computes the requi red  w a l l  r ad ius  and uniform core  s i ze .  It i s  
necessary to  spec i fy  e i t h e r  the  po ros i ty  d i s t r i b u t i o n  (open area t o  t o t a l  
w a l l  a r ea ,  even though t h e  w a l l  area i s  n o t  known) o r  the  suc t ion  m a s s  
flow d i s t r i b u t i o n ,  fiS/fifc. 
dependent i t e m s  can immediately be computed. I f  i t  i s  the  po ros i ty  d i s t r i -  
bu t ion  (percent open a rea )  which has been spec i f i ed ,  the  c a l c u l a t i o n  pro- 
ceeds i n  exact ly  the  same manner as the  f i r s t  method up t o  the  G(x) 
ca lcu la t ion .  A va lue  f o r  t h e  w a l l  r ad ius  i s  now assumed. Then 01, 61, 
and &s/fi* a r e  evaluated as before;  re, is  obtained from the  equat ion 

Since the  Mach number is known, a l l  Mach number 

The va lue  of 6;k i s  given by 

r r 
81 cos w cos w 

The wal l  radius  a may now be computed from a = rec + 6* cos w. 
va lue  i s  now used throughout the  computation and t h e  process repeated 
u n t i l  the  computed a agrees  with the  assumed a t o  wi th in  a prescr ibed  
tolerance.  I n  a l l  computations performed during t h i s  s tudy,  t h i s  pro- 
cedure always converged. 

This new 

I f  i t  is  the suc t ion  weight flow r a t i o s  which a re  spec i f i ed ,  a 
w a l l  rad ius  i s  assumed and vo/ul computed from t h e  equat ion 

where &-tS and &lo are the incremental  suc t ion  m a s s  flow and w a l l  area 
f o r  t he  Ax considered. 
ret, Sfc, and a new a are computed a s  above, and t h e  same i t e r a t i v e  pro- 
cedure followed. Af te r  a i s  found, t he  requi red  @ is  g iven  by 

el and 6, are computed as i n  the  f i r s t  method; 
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where @'/Pi  is  t h e  same as &/A* and is known from Figure  5 .  

B. Boundary Layer Thickness, 6 

With 6* and Mach number known from either of t h e  above two 
methods t h e  th ickness  of t he  boundary l aye r  i s  computed by s imultaneously 
s a t i s f y i n g  equations (37) and (38). I n  these  equations 6*, a, PO, VO, p1, 
Tl/To, and cos w a r e  a l l  known, The computation proceeds a s  follows: 

(1) Assume an x'. 

(2) Find h by an i t e r a t i o n  of equation (32). 
values  of t h i s  function is  presented i n  Table 11. The 
assumed va lue  of x' i s  used f o r  x i n  equation (32). 

A t a b l e  of 

-7 e 
(4) T~ is determined from (u/ul)e = 1 - e 

The va lue  of (u/ul), is t h a t  which de f ines  the boundary 
l aye r  thickness (usually taken a s  .999, but  i n  t h i s  pro- 
cedure it . is  a r b i t r a r y ) .  

(1 - T ~ K ) .  

(5) A va lue  f o r  ye can now be computed from equation (38) and 
s u b s t i t u t e d  i n t o  equation (37). The i n t e g r a l  i n  t h e  l a s t  
term of equation (37) can be evaluated e i t h e r  numerically, 
g raph ica l ly  o r  ana ly t i ca l ly .  

1 - e (1 - TK) and Q by equation (36).  Because of the 
l a r g e  number of terms i n  t h i s  expression, a g raph ica l  o r  
numerical i n t eg ra t ion  procedure is  recommended. 

u/ul  i s  given by 
-7 

(6) I f  equation (37) is  not s a t i s f i e d  wi th  the assumed X I ,  a 
l a r g e r  va lue  is  assumed and the  process repeated; 6 is  the  
va lue  of ye f o r  which equation (37) is  s a t i s f i e d .  
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In the  case of no suc t ion ,  (vg = 0 ) ,  t he  term 

i s  indeterminate s ince  A = 0 when vo = 0. An expansion of equat ion (32) 
f o r  t he  case when A + 0 shows t h a t  

can be  replaced by 

1.2 x' 

E 
V. EXPERIMENTAL INVESTIGATION AND COMPARISON WITH THEORY 

A. Experimental Arrangement 

An experimental program was  devised t o  provide a check on the 
theo re t i ca l  calculations.ik A sketch of t he  experimental  l ayout  is p r e -  
sented i n  Figure 6 .  During operat ion,  t he  n i t rogen  used as the  t e s t  gas 
i s  obtained by vaporizing l i q u i d  ni t rogen.  This gas  passes through the  
1.5-K.W. hea ter  t o  the  s t i l l i n g  chamber and then i n t o  the  nozzle. P a r t  
of t he  flow passes through the  nozzle  pores t o  cryopump c o i l s  surround- 
ing the  nozzle, while the  rest cont inues through t h e  nozzle  i n t o  the  
vane-type "d i f fuser"  t h a t  serves  as a precooler .  This gas  passes 
between the vanes t o  the  remaining cryopump c o i l s .  The cryopump i s  
cooled by gaseous helium from a 350-watt r e f r i g e r a t o r .  
cooled sh ie ld  reduces the  r a t i a t i o n  load t o  the  cryopump. A roughing 
pump i s  used f o r  i n i t i a l  tank evacuation, and a d i f f u s i o n  pump i s  used 
t o  remove any noncondensible gases .  

A l iqu id-n i t rogen  

The nozzle schematic i s  presented i n  Figure 7 .  The nozzle  i s  
The forward s e c t i o n  a 13" half-angle  cone f ab r i ca t ed  i n  two sec t ions .  

* Experiments were conducted i n  the  Hyperal t i tude F a c i l i t y  of t h e  
Environmental Divis ion of the  U. S. Naval Miss i l e  Center, Point  Mugu, 
Cal i fornia .  
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was machined from s o l i d  copper and includes the  con t r ac t ion  sec t ion ,  
t h e  t h r o a t ,  and the supersonic sec t ion  t o  a diameter of 2". The 9/32" 
diameter  t h r o a t  is a cy l inder  about one diameter long wi th  the  corners 
s l i g h t l y  rounded. 

The second s e c t i o n  i s  t h e  porous s e c t i o n  t h a t  extends from the  
2" diameter t o  t h e  12" diameter. It was  r o l l e d  from a 3/16" shee t  of 
copper a f t e r  t h e  pores had been d r i l l e d .  The ho le  p a t t e r n  and the  r e s u l t -  
ing p o r o s i t y  are a l s o  given i n  Figure 7. The poros i ty  d i s t r i b u t i o n  is  
e s s e n t i a l l y  l i n e a r  wi th  a x i a l  distance.  The ho le  r a d i i  w e r e  s e l e c t e d  t o  
keep t h e  r a t i o  of t h e  ho le  r a d i u s  to  l o c a l  boundary l a y e r  h e i g h t  equal 
t o  about -1; however, near t h e  f ron t  of t he  porous s e c t i o n  t h i s  r a t i o  
approached -6. 

The l iqu id-n i t rogen  cooling c o i l s  w e r e  so ldered  on t h i s  s e c t i o n  
The c o i l s  d i d  no t  cover any of t h e  wi th  approximately 6'' between co i l s .  

pores. 

Af t e r  jo in ing ,  the two sec t ions  w e r e  g iven  t h e  f i n a l  machining 
so  the nozz le  coord ina tes  are wi th in  1% of a t r u e  13" hal f -angle  cone. 

B. Ins t rumenta t ion  

T e s t  s e c t i o n  p i t o t  pressure was  measured on an Alphatron 
(NRC Model 520). A c a l i b r a t i o n  made p r i o r  t o  t h e  test showed t h a t  i n  
t h e  range of most of t h e  testing ( 1 0 0 ~  - 300p), t h e  instrument was as 
accura t e  as t h e  scale could be read. 
t o  -F 1.7%. Limited d a t a  taken below 1OOp requi red  co r rec t ions  of less 
than  10% t o  achieve reading accuracy. 

This corresponds t o  from 5 5% 

Stagnation pressure w a s  measured using a Bourdon gage a t  pres-  
s u r e s  above 20 mm Hg and a McLeod gage f o r  lower pressures .  The 
accuracy of t h i s  system was approximately i- 2%. 

Tunnel s ta t ic  pressure  was measured using a thermocouple gage 
designed f o r  t he  law-micron range. No c a l i b r a t i o n  was a v a i l a b l e ,  bu t  
t h e  reading accuracy and the r e p e a t a b i l i t y  were approximately 2 .2p i n  
t h e  testing range. 

C. Experimental Resul t s  

1. Porous Wall Nozzle 

Radial  p i t o t  probe surveys were made f o r  a range of stagna- 
t i o n  temperatures and pressures.  I n  genera l  a .312" O.D., .270" I.D. 
p i t o t  tube was  used. Since these  dimensions are t h e  same order  of magni- 
tude as t h e  mean f r e e  pa th  of freestream gas,  tests were made on a l a r g e r  
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probe (.875" O.D., .785" I .D . )  and a smaller  probe (.125" O.D.,  
.106" I . D . )  t o  determine the e f f e c t  of probe s i z e  on the ind ica ted  
p i t o t  pressure.  The r e s u l t s  of these tes t s ,  shown i n  Figure 8, were 
used t o  cor rec t  the p i t o t  probe surveys. Only the  da ta  taken wi th  
s tagnat ion  pressures  l e s s  than .5 ps i a  requi red  cor rec t ions  of 10% or 
more. 

These cor rec ted  surveys are  presented i n  Figure 9. For 
these  s tagnat ion  condi t ions,  t he  nozzle  developed Mach numbers ranging 
from 9.15 t o  11.0 a t  f rees t ream Reynolds numbers ranging from 100/ inch 
t o  500/inch. A t  the lowest Reynolds number, the  p i t o t  p ressure  r a t i o  
i s  lower than would be expected. Despi te  the  reg ion  of uniform p i t o t  
p ressure  (obtained with the  .125" O.D. probe) ,  i t  appears t h a t  the 
boundary layer  has merged and the stream s t agna t ion  pressure  i s  decreas- 
ing. 
p ressure ,  t h i s  would account f o r  t he  low r a t i o .  
t he  next  sec t ion ,  t h i s  i s  cons i s t en t  with the  t h e o r e t i c a l  ca l cu la t ions .  

Since the  p i t o t  p ressure  i s  r a t i o e d  t o  the  upstream s t agna t ion  
A s  w i l l  b e  shown i n  

A t  t he  higher  Reynolds number the  p r o f i l e s  show a n  
increasing p i t o t  pressure a s  t he  probe moves from the  center .  This 
i s  typ ica l  of low-density conical  nozzles when they a r e  operated a t  
higher  dens i t i e s .  
es t imated from the r a t i o  of boundary layer  he igh t  t o  t e s t  sec t ion  
r ad ius  (8/a).  This i s  i l l u s t r a t e d  i n  Figure 10, where the  r a t i o  of 
t he  p i t o t  pressure a t  t he  edge of the  core  t o  the c e n t e r l i n e  p i t o t  
p ressure  has been p l o t t e d  versus  the  r a t i o  (8/a)  f o r  a s e r i e s  of conica l  
nozzles .  The da ta  covers t he  Mach number range 4.5 - 11.0 and cone h a l f -  
angles  from 10" t o  20". From t h i s  p l o t  i t  can be seen t h a t  a s  (8/a) i s  
reduced below about .7 ,  t h e  p i t o t  p r o f i l e  v a r i a t i o n s  exceed 5%. Thus, 
t o  avoid t ransverse Mach number g rad ien t s ,  simple, conical  nozzles  must 
be operated a t  low d e n s i t i e s  i n  order  t h a t  ( s / a )  exceeds .7 .  For higher  
dens i ty  operat ion,  i t  appears necessary t o  use  a smaller  cone angle  or  t o  
contour the nozzle  wal ls .  

The ex ten t  of t h i s  higher  dens i ty  regime can be 

2. Solid Wall Nozzle 

In  order  t o  ob ta in  a d i r e c t  comparison of a sol id-wal l  
nozzle and a porous-wall nozzle ,  the  e x t e r i o r  of the nozzle  w a s  covered 
wi th  aluminum f o i l .  While t h i s  prevented any outflow, i t  d id  leave the 
i n t e r i o r  nozzle wal l  rough due t o  the  closed pores;  however, it was 
f e l t  t h a t  these closed pores would n o t  present  any g r e a t e r  d i s turbances  
than they had when used as a porous w a l l .  

The p i t o t  p r o f i l e s  obtained from t h i s  sol id-wal l  nozzle 
a re  presented i n  Figure 11. 
a l s o  presented. From a comparison of t h e  two sets  of da t a ,  it i s  c l ea r  
t h a t  t he  main e f f e c t  of t he  porous wal l  was t o  increase  the  Mach number 
while  maintaining approximately the  same boundary l aye r  he ight .  

The corresponding porous-wall da t a  a re  
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D. Comparison of Theory and Experiment 

Theoret ical  ca l cu la t ions  were made f o r  the  var ious t e s t  condi- 
t i ons ,  and the  comparison between the theo re t i ca l  and experimental Mach 
siumbers and boundary layer  he ights  is presented i n  Figures 1 2  and 13. 
For d i r e c t  comparison the  theo re t i ca l  values  of Reynolds number/ inch 
have been used a s  the absc issa  fo r  both sets of data .  

Figures  12  and 13 show t h a t ,  with the  exception of the  lowest 
Reynolds number/inch point ,  the  theory p r e d i c t s  the Mach number t o  wi th in  
5% and the  boundary layer  he ight  t o  within 10%. Since these ca l cu la t ions  
w e r e  made using a 145'R nozzle wal l ,  while i n  the  experiment the  t h r o a t  
block was a t  a higher  temperature (about 285OR), ca l cu la t ions  were a l s o  
made t o  a s ses s  the  e f f e c t  of t h i s  temperature d i s t r i b u t i o n .  The r e s u l t s  
showed t h a t  the temperature d i s t r i b u t i o n  changed the  Mach number by less 
than .5% and the  boundary l aye r  height  by less than 2%. The boundary 
l aye r  ca l cu la t ion  on the  lowest Reynolds number/inch poin t  showed t h a t  
t he  boundary l aye r s  had merged. This agrees  with the  experimental 
r e s u l t s  discussed i n  the  previous sect ion.  

Although the  r a t i o  of mean f ree  path t o  pore rad ius  var ied  from 
about .1 t o  1 .3 ,  t he  suc t ion  mass flow was computed using f r e e  molecular 
flow va lues  of &/15* f o r  a l l  conditions. 
s imp l i f i ca t ion  reduces the  t o t a l  suction mass flow by l e s s  than 10%. 
Since t h i s  ca lcu la ted  suz t lon  mass f l o w  var ied  f r m  3% t o  13% of the  
th roa t  mass flow, the e r r o r  is l e s s  than 2% of t he  t h r o a t  mass flow. 

It is  estimated t h a t  t h i s  

The experimental da ta  with comparable s tagnat ion  condi t ions 
w e r e  a l s o  used t o  determine the  suction mass flow by assuming t h a t  the  
d i f f e rence  between the  e x i t  Mach numbers fo r  the s o l i d  wall  and t h e  
porous wal l  was due t o  the  suc t ion  mass flow reducing the e x i t  mass 
flow. I n  t h i s  case the  suc t ion  mass flow is  determined from 

m out  A/&) so l id  wal l  - =  1 - ( 
&* (A/&) porous wal l  . 

The a rea  r a t i o s  a r e  determined from the e x i t  'Mach numbers. This pro- 
cedure.assumes that the  e f f e c t s  of small changes of Reynolds number, 
v e l o c i t y  p r o f i l e ,  and 6/a a r e  negl igible .  
of these  ca l cu la t ions  with the  theo re t i ca l  values ,  presented i n  Figure 14, 
appears t o  j u s t i f y  the  above assumptions. 

A comparison of t he  r e s u l t s  
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In an  at tempt  t o  l e a r n  more of the  d e t a i l s  of t he  flow coming 

Due t o  the probable nonequilibrium con- 
from the  pores, temperature and p i t o t  p ressures  were measured a t  the 
e x i t  of a 5/8" diameter pore. 
d i t i o n  of t h i s  ex i t i ng  flow, and the  unknown p i t o t  probe e r r o r s ,  the  
r e s u l t s  were only q u a l i t a t i v e .  The measured temperature was about 250"R 
and the  pressure was about t h ree  times tunnel s t a t i c  pressure.  Since 
the  temperature and s tagnat ion  pressure  i n  the  boundary l aye r  reach 
these values a t  d i s tances  of the order  of one mean f r e e  pa th  i n t o  the  
boundary layer ,  these  va lues  seem reasonable ,  The measured e x i t  tempera- 
t u r e  being above the nozzle wal l  temperature suggests  t h a t  nozzle pores 
with small va lues  of L/D cannot be used t o  precool the  suc t ion  flow t o  
w a l l  temperature. For complete cool ing,  the  pore length  and diameter 
both must be s ized  r e l a t i v e  t o  the tunnel w a l l  mean f r e e  pa th  i f  t he  
tunnel boundary layer  temperature r ises s i g n i f i c a n t l y  i n  d i s t ances  of 
t he  order  of the mean f r e e  path.  

To check the v a l i d i t y  of the  theory a t  h igher  Reynolds numbers, 
ca lcu la t ions  w e r e  made on the  cooled porous nozzle repor ted  i n  Refer- 
ence 8. This 10" ha l f -angle  nozzle  had a .104" diameter t h roa t ,  a 
1.9" diameter e x i t ,  and a maximum poros i ty  of 60%. The comparison of 
the  r e s u l t s  of  the  ca l cu la t ions  and the  experiments i s  presented i n  
Figure 15. The t h e o r e t i c a l  va lues  of Reynolds number/inch have been 
used as the absc issa .  With the  exceptions of t he  two h ighes t  Reynolds 
numbers where the  nozzle  flow had s t rong t ransverse  g rad ien t s ,  the  
theory predic t s  the Mach number t o  wi th in  3%. Simi lar ly ,  wi th  the  
exception of a few po in t s ,  the boundary l aye r  he igh t s  a r e  i n  good agree- 
ment. The s c a t t e r  i n  the  boundary l aye r  p l o t s  i s  bel ieved t o  be due t o  
the  d i f f i c u l t y  i n  def in ing  the edge of t he  boundary l aye r  on t h e  experi-  
mental p i t o t  p r o f i l e s .  

V I .  COOLING AND SUCTION EFFECTS ON NOZZLE AND TEST CORE 
S I Z E  FOR G I V E N  MACH NUMBER DISTRIBUTIONS 

Machine ca l cu la t ions  w e r e  c a r r i e d  ou t  using the  second t h e o r e t i c a l  
method out l ined i n  Section I V  t o  determine the b e n e f i t s  of w a l l  suc t ion  
and cooling f o r  a f ixed  Mach number. A Mach number d i s t r i b u t i o n  was 
assumed and the  r e s u l t i n g  boundary layer  thickness ,  nozzle  diameter , 
and uniform core thickness  w e r e  ca lcu la ted .  

A s i m p l e ,  r ap id  method of a r r i v i n g  a t  s u i t a b l e  Mach number d i s t r i -  
but ions t o  use  i n  the ca l cu la t ions  w a s  suppl ied by the  f i r s t  t h e o r e t i c a l  
method, where a given nozzle shape i s  spec i f i ed  and a nozzle Mach number 
d i s t r i b u t i o n  i s  predicted.  With a few t r i a l s  using conica l  w a l l  shapes, 
i t  w a s  poss ib le  t o  p r e d i c t  Mach number d i s t r i b u t i o n s  wi th  e x i t  Mach 
numbers close t o  3,  6 ,  9,  and 12, t h e  range which w a s  of i n t e r e s t  i n  
t h i s  study. Thus, although the  d i s t r i b u t i o n s  used were no t  aimed a t  a 
p a r t i c u l a r  t e s t  s ec t ion  flow f i e l d ,  they do r e f l e c t  smooth expansions 
which would c lose ly  approximate the  flow i n  a c t u a l  nozzles of the same 
t e s t  sec t ion  Mach number, and a re  adequate f o r  showing t rends.  
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It was endeavored a t  a l l  Mach numbers t o  p ick  a t h r o a t  s i z e  such 
t h a t  t h e  r e s u l t i n g  uniform core was about s i x  inches i n  rad ius .  
nozz le  length  of four f e e t  w a s  used i n  a l l  ca l cu la t ions ,  and i n  most 
cases r e s u l t e d  i n  reasonable nozzle wa l l  angles.  

A 

Figure  16 shows t h e  nozzle wall r a d i i ,  boundary l aye r  thicknesses,  
and uniform core r a d i i  which were ca lcu la ted  f o r  fou r  Mach numbers. 
The Mach number d i s t r i b u t i o n s  and th roa t  s i z e s  t h a t  were used a r e  given 
i n  Table I. Nitrogen w a s  assumed as t he  nozzle f l u i d .  I n  a l l  cases  a 
w a l l  temperature of 180"R was used, corresponding roughly t o  t h a t  f o r  
a w a l l  cooled by l i q u i d  nitrogen. 
case and f o r  t h e  case where 22% of the nozzle  flow is removed v i a  w a l l  
suction. A u n i t  Reynolds number range up t o  about 300 p e r  inch was 
se l ec t ed ,  s i n c e  f o r  the nozzle  s i z e  chosen t h i s  corresponds approxi- 
mately t o  the  maximum weight flow which can be accepted by a one- 
k i lowa t t  cryopump. 

Results a r e  given f o r  the no-suction 

It is r e a d i l y  apparent from the f i g u r e  t h a t  l a r g e  reduct ions  i n  
t h e  boundary l a y e r  thickness occur wi th  22% suc t ion  flow. For t h e  
Mach number 1 2  nozzle, 6 i s  reduced about four inches a t  a u n i t  
Reynolds numbsr of 160/inch, corresponding t o  a flow rate of 2 grams/sec. 
The uniform core  r a d i i ,  however, a r e  remarkabley c l o s e  a t  a l l  Reynolds 
numbers, so t h a t  the n e t  e f f e c t  of suc t ion  i n  a l l  cases shown i n  
F igure  16 i s  t o  reduce t h e  nozzle  diameter. 

What may be  of more importance, however, i s  the b e n e f i c i a l  e f f e c t  
of precool ing i n  t h e  suc t ion  case. It is  d i f f i c u l t  t o  exac t ly  assess 
t h e  b e n e f i t s  of t he  precooling on the nozzle s i z e  and core  r a d i i ,  s ince  
t h i s  is considerably influenced by t h e  na tu re  of t h e  o v e r a l l  enthalpy 
removal system, i n  p a r t i c u l a r ,  whether a d i f f u s e r  and precooler a r e  
used downstream of t h e  nozzle and how e f f e c t i v e  they are .  I n  t h i s  
regard  it i s  probable t h a t  t h e  reduced boundary l a y e r  i n  the  suc t ion  
case would a i d  a t t e m p t s  t o  d i f f u s e  and precool the nozzle  flow. A 
c a l c u l a t i o n  has been made using simple assumptions about t he  system 
t o  provide an e s t ima te  of t h e  poss ib le  increase  i n  core  s i z e  due t o  
t h e  u s e  of suc t ion  and precooling. I f  i t  is  assumed i n  the  no-suct ion 
case t h a t  a l l  of t he  enthalpy of the incoming flow is  removed by the 
cryopump, and, f o r  t h e  suc t ion  case, 22% of t h e  flow goes through the  
galls where t h i s  suc t ion  flow is a l l  precooled t o  180'R ( l i qu id -  
n i t rogen  coolan t ) ,  then f o r  a s tagnat ion  temperature of 1460"R @bch 12) 
we have 

- 235 cal/gram = 1.16. - 
7 8  (235 cal/gram) + .22 (90 cal/gram) 
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Thus the  t e s t  s ec t ion  a rea  could be  increased by 16% wi th  a r e s u l t i n g  
7.5% increase i n  the  uniform core s i z e .  Somewhat h igher  suc t ion  ra tes  
would r a i s e  t h i s  number, bu t  i t  i s  doubtful  t h a t  suc t ion  flows exceed- 
ing 30% of the  th roa t  flow are  prac t ica l ,  e s p e c i a l l y  i f  it i s  intended 
t o  cool the  suc t ion  flow t o  the  temperature of  the w a l l .  

Figure 17 gives  the  r e s u l t s  of ca l cu la t ions  on the  e f f e c t  of var ious  
degrees of w a l l  cooling on a ,  6 and ruc f o r  Mach number 12 and a u n i t  
Reynolds number of 800/inch. This corresponds t o  a flow of t en  grams 
per  second f o r  the  nozzle s i z e  shown. The high Reynolds number w a s  used 
i n  t h i s  p l o t  t o  keep the  w a l l  mean f r e e  pa th  t o  reasonable  va lues  i n  the 
a d i a b a t i c  wall case. Even f o r  t h i s  Reynolds number, however, t he  adia-  
b a t i c  w a l l  mean f r e e  pa th  i s  about 25% of t h e  boundary l a y e r  thickness .  
Resul ts  are given f o r  the  no-suction case and f o r  a suc t ion  case wi th  
gmaX = .66. Again, l a r g e  decreases  i n  6 are poss ib l e  wi th  the  use  of 
cold wal l s ,  b u t  t h e  uniform core r a d i i  a re  very c l o s e  i n  t h e  suc t ion  and 
no-suction cases f o r  any wal l  temperature. A perhaps s u r p r i s i n g  f e a t u r e  
of t he  p l o t  i s  the increase  i n  uniform core r a d i i  as the  a d i a b a t i c  w a l l  
temperature (no cool ing)  i s  approached. Of course,  without  cooling t h e  
nozzle r a d i i  g e t  very l a rge ,  and f o r  the  p a r t i c u l a r  case shown here ,  t h i s  
would r e s u l t  i n  a very l a r g e  wal l  divergence even i f  suc t ion  w e r e  used. 
Moreover, i t  i s  unce r t a in  how success fu l ly  such a t h i c k  boundary l aye r  
could be cooled a f t e r  leaving the  nozzle ,  and the re fo re  a ho t  w a l l  may 
s t i l l  be  i n f e r i o r  t o  a cold w a l l  w i th  t h e  r e s u l t i n g  increase  i n  acceptab le  
weight flow. Obviously, research  i s  requi red  regarding d i f f u s i o n  and 
cooling of flows with th i ck  boundary l aye r s  before  meaningful conclusions 
can be made concerning t h i s  po in t .  

Figure 18 shows, f o r  a typ ica l  nozzle,  t he  maximum r a t i o s  of open 
area t o  t o t a l  wal l  a r ea  which are requi red  t o  achieve var ious  suc t ion  
flow r a t i o s .  A l i n e a r  suc t ion  ra te  has been used i n  a l l  cases  shown; 
i .e, ,  s t a r t i n g  a t  .4  f e e t  down the  nozzle ,  t h e  suc t ion  flow i s  l i n e a r l y  
increased and r e s u l t s  i n  a t o t a l  suc t ion  flow of e i t h e r  11% o r  22% of 
the  t h r o a t  mass flow. This a l s o  r e s u l t s  i n  a nea r ly  l i n e a r  @, the  maxi- 
mum @ i n  a l l  cases  occurr ing a t  t h e  nozzle  exit .  Phys ica l ly  impossible 
@ I s  are  indicated f o r  the  22% suc t ion  r a t i o  of Mach number 12 .  This case 
w a s  used i n  Figure 16 f o r  comparison purposes, b u t  should n o t  a f f e c t  t h e  
v a l i d i t y  of t h e  ind ica ted  t rends.  

VII, CONCLUDING REMARKS 

Based on a comparison of the  r e s u l t s  of t h e o r e t i c a l  and experi- 
mental i nves t iga t ions ,  it i s  concluded t h a t  t h i s  theory p r e d i c t s  the 
Mach numbers t o  about 5% and the boundary l aye r  he igh t  t o  about 10% 
when the  theory i s  appl ied t o  l iqu id-n i t rogen  cooled low dens i ty  
nozzles.  
150/inch t o  3000/inch and the  range of Mach numbers form 7.5 t o  11. 

The inves t iga t ion  covered t h e  range of Reynolds numbers from 
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When the  theory was used t o  determine the  e f f e c t s  of w a l l  po ros i ty  
and cooling on t h e  r ad ius  of t he  uniform core,  i t  w a s  found that, f o r  a 
f ixed  t h r o a t  mass flow and f ixed  Mach number d i s t r i b u t i o n ,  t h i s  r ad ius  
w a s  v i r t u a l l y  unchanged. Since the cooling and wa l l  suc t ion  both served 
t o  reduce the  boundary l aye r  height ,  t h i s  means t h a t  the cooling reduced 
6*/8 enough t o  keep t h e  boundary layer mass flow cons tan t ,  while t he  w a l l  
suc t ion  removed mass flow a t  a r a t e  t h a t  kept cons tan t  t he  sum of the 
suc t ion  mass flow and t h e  boundary layer  mass flow. While t h i s  showed 
t h e r e  was no d i r e c t  b e n e f i t  from cooled porous w a l l s ,  t h e r e  were important 
secondary e f f e c t s .  
which would a l low a higher mass flow (and l a r g e r  nozzle) f o r  a f ixed  
cryopump s i ze .  Another advantage was t h a t  the smaller boundary l aye r  
meant a phys ica l ly  smaller and more manageable nozzle. Further,  t he  
smaller boundary l aye r  might r e s u l t  i n  d i f f u s e r  pressure  recovery suf -  
f i c i e n t  t o  a l low conventional mechanical pumps t o  handle a s i g n i f i c a n t  

, f r a c t i o n  of t h e  flow, permi t t ing  a l a r g e r  t o t a l  mass flow and a l a r g e r  
nozzle. Since these  secondary advantages depend upon the  o v e r a l l  system, 
it is concluded t h a t  t he  m e r i t s  of a cooled porous w a l l  must be decided 
from an  a n a l y s i s  of t h e  complete wind tunnel system. 

One of these  was the  precooling of t h e  suc t ion  flaw, 
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TABLE I 
MACH NUMBER DISTRIBUTIONS FOR FOUR-FOOT NOZZLES 

C (feet) 

.2  

.4 

.6 

1 .0  

1 .2  

1.4 

1 .6  

1 .8  

2.0 

2.2 

2 . 4  

2.6 

2.8 

3.0 

3 .2  

3 .4  

3.6 

3.8 

4 . 0  

rhroa t 
Radi i  
( f e e t )  

MACH NUMBER 

1 . 4 3  

1 . 6 4  

1 . 8 0  

2.07 

2.18 

2.29 

2.39 

2.48 

2.56 

2.65 

2.72 

2 .80  

2.87 

2.94 

3.01 

3.07 

3 . 1 4  

3 .20  

3.25 

.284 

2 .21  

2.75 

3.16 

3 .80  

4.05 

4.28 

4.49 

4 . 6 8  

4 . 8 5  

5 . 0 2  

5.17 

5 .31  

5 . 4 4  

5.57 

5 . 6 9  

5 .81  

5 .92  

6 .02  

6 . 1 2  

.08 

3.21 

4 . 1 3  

4 . 7 9  

5 .75  

6 .12  

6.45 

6 . 7 4  

7 . 0 1  

7 .25  

7 . 4 8  

7 . 6 9  

7 . 8 8  

8 . 0 6  

8 . 2 2  

8 . 3 9  

8 . 5 4  

8 .70  

8 . 8 2  

8.95 

.0351 

3.77 

4 . 8 9  

5 . 7 0  

6.94 

7 .45  

7 . 9 1  

8 . 3 4  

8 .73  

9 . 1 0  

9 .45  

9 . 7 8  

1 0 . 0 9  

1 0 . 3 9  

10 .67  

10 .95  

1 1 . 2 2  

11.47 

11 .72  

1 1 . 9 6  

.0234 



TABLE I1 

-A 
0 

. 01 

.02 

.03 

-04 

.05 

.06 

.07 

.08 

.09 

.10 

.11 

.12 

.13 

.14 

.15 

.16 

.17 

.18 

.19 

.20 

.21 

.22 

.23 

.24 

.25 

f (A) 
0 

.00559€ 

.00228C 

.005225 

.009464 

.01507 

.02213 

.0307 2 

.04094 

.05290 

.06669 

.08 244 

. lo03 

.1204 

.1428 

.1678 

.1956 

.2262 

.2601 . 

.2974 

.3384 

.3834 

.4327 

.4867 

.5458 

.6106 

-A 
.26 

.27 

.28 

.29 

.30 

.31 

.32 

.33 

.34 

.35 

.36 

.37 

.38 

.39 

.40 

.41 

.42 

.43 

.44 

.45 

.46 

.47 

.48 

' .49 

.499 

,4999 

~~ 

f (N 
.6816 

,7594 

.8446 

.9381 

1.0409 

1.1540 

1.2787 

1.4165 

1.5692 

1.7390 

1.9283 

2.1405 

2.3795 

2.6504 

2.9597 

3.3159 

3.7309 

4.2212 

4.8107 

5.5373 

6.4640 

7.7090 

9.5385 

12.8017 

24.1271 

35.6081 
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APPENDIX A>k 

COMPRESSIBLE LAMINAR BOUNDARY LAYER ON A FLAT PLATE W I T H  
UNIFORM SUCTION AND WALL COOLING 

Consider the  compressible flow over a f l a t  p l a t e  having a uniform 
suc t ion  ve loc i ty  vo and constant  wal l  temperature To. 

I f  the suc t ion  v e l o c i t y  i s  small compared t o  t h e  f r e e  s t ream 
v e l o c i t y  u, t h e  Prandt l  boundary l aye r  equat ions can be used t o  descr ibe  
the  flow. 

Momentum Equation 

Continuity Equation 

a p u + a P v = *  ax ay 

Energy Equation 

I f  the Prandt l  number i s  assumed t o  be  one, and the  wa l l  tempera- 
t u r e  constant ,  the  energy equat ion can be replaced by the  following 
r e l a t i o n s h i p  : 

* This appendix is  a synopsis of the work of Lew and Romano, Reference 
A p r i o r  work by Lew [23]  concerning suc t ion  on in su la t ed  wa l l s  g rea t  
f a c i l i t a t e s  the understanding of Reference 6 .  

6 .  
1Y 
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Equation of S t a t e  

p = pRT. 

The con t inu i ty  equation can be in t eg ra t ed  t o  g ive  

I f  t h i s  expression is  s u b s t i t u t e d  i n t o  t h e  momentum equation, t h e  
Von Karman momentum i n t e g r a l  may be obtained i n  t h e  form 

and 

0 

The x and y v a r i a b l e s  a r e  now transformed a s  follows: Let 

dx = L R e  ds 

where L i s  t h e  p l a t e  c h a r a c t e r i s t i c  length  and, 

Re  = 
PO 

Equation (3) can be w r i t t e n  in t h e  form 
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where 

- U - U ,  u =  and u1 = 

-0 

Combining equat ions (6)  and (8), we have 

Subs t i tu t ing  equations (7) and (9) i n t o  (5) ,  and rear ranging ,  one can 
ob ta in  the transformed momentum i n t e g r a l  

where 6t is  a measure of the boundary l a y e r  thickness  and 

Reference 6 suggests  both an exponential  and a q u a r t i c  p r o f i l e  f o r  sub- 
s t i t u t i o n  i n t o  the i n t e g r a l  r e l a t ionsh ip .  However, t he  q u a r t i c  p r o f i l e  
leads  t o  impossible p r o f i l e  shapes f o r  l a r g e  Reynolds numbers, and the 
exponential  p r o f i l e  has been se lec ted .  
f i l e  i s  

The exponent ia l  v e l o c i t y  pro- 

U -a - = l - e  ( 1 - a K )  
U 1  

where T = t /8 t  and K must be determined by the  boundary condi t ions.  

The boundary condi t ions which the v e l o c i t y  p r o f i l e  must s a t i s f y  
a r e  

- - a; a2 G 
a . r Z + O  a +m: u + U l ,  - dT + 0 ,  
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The f o u r t h  boundary condition was obtained by eva lua t ing  the 
momentum equat ion a t  the wal l  f o r  the case when p i s  propor t iona l  t o  
T. 
cons iderably  more complex). 

( I f  p i s  no t  assuped proportional t o  T ,  the  ca l cu la t ions  become 

Equation (11) s a t i s f i e s  the f i r s t  t h ree  boundary conditions and 
t h e  f o u r t h  g ives  

1 11 + 2A) 
2 (1 + A) 

K = - -  

where h has  been s u b s t i t u t e d  f o r  the combination of v a r i a b l e s  

I n s e r t i o n  of the v e l o c i t y  p r o f i l e  in to  t h e  momentum i n t e g r a l  r e l a t i o n  
l eads  t o  the  d i f f e r e n t i a l  equation 

- =  d h  e 
ds U 1  

This equation can be solved by i n t e g r a t i o n  t o  

where 

and is a known quant i ty .  

y i e l d  

Equation (13) thus i s  used t o  ob ta in  h by a t r i a l  and e r r o r  pro- 
Quantities such as Cf or 6, which can be  expressed i n  terms of cess. 

A, vo/ul, Tl/To, and the Reynolds number, can then be determined. 
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APPENDIX B 

SIMILARITY BETWEEN COMPRESSIBLE AND INCOMPRESSIBLE EQUATIONS 

Examination of t he  transformed momentum i n t e g r a l ,  equat ion (10) of 
Appendix A, has  shown t h a t  i t  has the  same form and boundary condi t ions 
as t h a t  f o r  incompressible flow wi th  suc t ion .  The Karman momentum i n t e -  
g r a l  f o r  f l a t  p l a t e  flow wi th  Prandt l  number of one and having a suc t ion  
v e l o c i t y  vo a t  the w a l l  i s  

0 

The boundary condi t ions which must be s a t i s f i e d  by the v e l o c i t y  
p r o f i l e  which i s  used i n  equation (1) f o r  incompressible flow a re  

The second boundary condi t ion i s  obtained by eva lua t ing ,  a t  the  w a l l ,  
the momentum equat ion 

The transformed compressible momentum i n t e g r a l  i s  

- -  A f t ( ;  G1 - c2) d t  - R e  u1 vo = (E) ds 0 
0 

where 

t i s  a normal d i s t ance  parameter 

6, i s  a measure of the  boundary l a y e r  th ickness  
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- U Po- L 
u =  Re = 

L = ch i i r ac t e r i s t i c  length  of p l a t e .  

Equation (3) may be w r i t t e n  as: 

0 

Let t ing  Jr = L t  and the  upper l i m i t  be m, we have 

This equat ion has  been transformed in  y only. 

The boundary condi t ions t o  be s a t i s f i e d  a r e  

* 
Jr = 0: u = 0, vo  ($)o = E ($)o 

a U  a Z u  

1, a$ a@ -+ J r r ~ :  u - 3 u  - + o , -  

* 
p/po = T/To. 
p r o j e c t  (i.e., those near the  temperature of l i q u i d  n i t rogen) ,  th is  simple 
r e l a t i o n  exac t ly  s a t i s f i e s  the accurate  Sutherland r e l a t i o n  i n  t h e  v i c i n i t y  
of the  w a l l .  The S u t k r l a n d  law may be w r i t t e n  

This boundary condi t ion was derived using the v i s c o s i t y  r e l a t i o n  
Fortunately,  f o r  the wall t e m p r a t u r e s  of i n t e r e s t  i n  t h i s  

(Footnote continued a t  bottom of next page) 
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Thus, the  momentum i n t e g r a l  and boundary condi t ions  have the  same 
forms i n  the transformed compressible a s  i n  the  incompressible case.  
I n  both cases ,  the  boundary l a y e r  form f a c t o r  € ? C / O  i s  a func t ion  of 5 ,  
t he  nondimensional d i s t ance  along the  p l a t e ,  which has  previously been 
def ined.  Because of the  s i m i l a r i t y  of t he  y-transformed compressible 
equat ions and the incompressible equat ions,  5 evaluated a t  the w a l l  i s  
equivalent  i n  the  two cases. A s  shown on page 11 of t h i s  r e p o r t ,  t he  
incompressible and compressible 5 ' s  a r e  then r e l a t e d  by the  equat ion 

P O  

where s i s  a constant  depending on the  gas  considered, and the  subsc r ip t  
o r e f e r s  t o  w a l l  values .  The term 

i s  of course 1 a t  the  wal l ,  and the  r a t e  of change of t h i s  term a t  the 
wal l  i s  

1 T O + S  $ [E ~ O + + s s ) ] O  = [- 2 T +  s 

=[*-*I($) 0 = O  f o r  s = To 

= 100°K f o r  ni t rogen.  



REFERENCES 

1. Lee, John D.,  "Axisymmetric Nozzles f o r  Hypersonic Flows," 
WADC TN 59-228, The Ohio S t a t e  Universi ty  Research Foundation, 
June 1959. 

2. Hurlbut,  F. C., and D. E. Beck, "New Studies  of Molecular Sca t t e r -  
ing a t  the Sol id  Surface," Universi ty  of Cal i forn ia  (Berkely) 
Technical Report HE 150-166, August 1959. 

Van D r i e s t ,  E. ,R., " Inves t iga t ion  of L a m i n a r  Boundary Layer i n  
Compressible F lu ids  Using the Crocco Method," NACA Technical Note 
2597, January 1952. 

3.  

4. Lew, H. G. and J. B. Fanucci, "On Laminar Compressible Boundary 
Layer over a F l a t  P l a t e  with Suction or  In j ec t ion , "  Journa l  of the 
Aeronaut ical  Sciences , pp. 589-597 , Volume 22, Number 9 , September 
1955. 

5. S ta lde r ,  J. R. ,  "The U s e  of Low Density Wind Tunnels i n  Aero- 
d y n a m i c  Research," Raref ied G a s  Dynamics, Proceedings of the F i r s t  
In t e rna t iona l  Symposium, he ld  a t  N i c e ,  Pergamon Press ,  1960. 

6 .  Lew,H, G. and F. B m n o ,  "The Compressible Lsiainar Boundary Tdyer  
. over a F l a t  P l a t e  w i th  Uniform Suction and H e a t  Transfer  a t  t he  

w a l l , "  PIBAL Report No. 132, September 1948. 

7, Enkenhus, K. R., "The Design, Instrumentation and Operation of the  
UTIA Low Density Wind Tunnel," UTIA Report No. 44, I n s t i t u t e  of 
Aerophysics, Univers i ty  of Toronto, June 1957. 

8 .  Rogers, Kenneth W., "Preliminary Experiments on a Low Density Hyper- 
son ic  Wind Tunnel Using a Cooled Proous Nozzle and Diffuser ,"  USCEC 
Report 65-48, Univers i ty  of Southern Cal i forn ia  Engineering Center, 
November 1962. 

9. Durand, J. A. and J. L. P o t t e r ,  "Calculat ion of  Thicknesses of 
Laminar Boundary Layers i n  Axisymmetric Nozzles wi th  Low Density, 
Hypervelocity Flows," AEDC-TN-61-146, December 1961. 

10. Johnson, Arlo F., "A Method of Calculat ing Boundary Layer Thickness 
i n  Axisymmetric Nozzles with Laminar Hypersonic Flow," Sandia Corp. 
Report SC-4370 (RR), October 1959. 

11. Maslach, G. J. and F. S .  Sherman, "Design and Test ing of a n  Axisym- 
m e t r i c  Hypersonic Nozzle f o r  a Low Density Wind Tunnel," WADC-TR- 
56-341, Univers i ty  of Cal i fornia  Report 150-134, August 1956. 
(AD 97178). 

5 3  



REFERENCES (Cont' d)  

12. Probstein,  Ronald F. and David E l l i o t t ,  "The Transverse Curvature 
Effec t  i n  Compressible Axia l ly  Symmetric Laminar Boundary Layer 
Flow," Journal  of t he  Aeronautical  Sciences,  Volume 23, No. 3,  
pp. 208-222, March 1956. 

13. I g l i s c h ,  R. ,  "Exact Calculat ion of Laminar Boundary Layer i n  Longi- 
tud ina l  Flow over a F l a t  P l a t e  wi th  Homogeneous Suction," NACA TM 
1205, 1949. 

14. S ive l l s ,  J. C. and R. G. Payne, "A Method of Calculat ing Turbulent-  
Boundary-Layer Growth a t  Hypersonic Mach Numbers ," AEDC-TR-59-3, 
March 1959. 

15. Cohen, Clarence B. and E l i  Reshotko, "The Compressible Laminar 
Boundary Layer wi th  Heat Transfer  and Arb i t r a ry  Pressure  Gradient," 
NACA-TR-1294, 1956. 

16. Loeb, Leonard B. ,  "The Kine t ic  Theory of Gases," Third Edi t ion ,  
Dover Publ ica t ions  Inc . ,  1961. 

1 7 .  Liepmann, H. W . ,  "A Study of Ef fus ive  Flow," Reprinted from 
Aeronautics and Ast ronaut ics ,  GALCIT Publ ica t ion  No. 486, 1960. 

18. Brown, DiNardo, Cheng, and Sherwood, "Flows of Gases i n  Pipes  a t  
Low Pressures ,"  Journal  of Applied Physics,  October 1946. 

19. Shapiro, A. H. ,  "Compressible F lu id  Flow," Volume 1, The Ronald 
Press  Company, 1953. 

20. Cohen, Clarence B. and E l i  Reshotko, "Similar Solu t ions  f o r  the 
Compressible Laminar Boundary Layer wi th  Heat Transfer  and Pres- 
s u r e  Gradient," NACA-TR-1293, 1956. . 

21. Chuan, Raymond L.,  "Research on Raref ied Gasdynamics and Plasma- 
dynamics," USCEC Report 83-101, Univers i ty  of Southern Cal i forn ia  
Engineering Center, September 1962. 

22. Kosterin,  S. I . ,  N .  I. Yschenk, N.  T. Belova, and B. D. Kamaev, 
" Inves t iga t ion  of the  Ef fec t  of Raref ied Supersonic Flow on the 
Tota l  Pressure Readings of Impact Probes," Engineering - Physical  
Journal ,  Vol. V, I s sue  12, December 1962. (Russian). 

Lew, H. G., "On the  Compressible Boundary Layer over a F l a t  P l a t e  
wi th  Uniform Suction," Reissner Anniversary Volume, Contr ibut ions 
t o  Applied Mechanics, Edi ted by the Department of Aeronaut ical  
Engineering and Applied Mechanics of t he  Polytechnic  I n s t i t u t e  
of Brooklyn, Published by J. W. Edwards, Ann Arbor, Michigan, 1949. 

23. 

54 



NASA TM X-53008 APPROVAL February 18, 1964 

THEORETICAL AND EXPERIMENTAL INVESTIGATION OF BOUNDARY 
LAYER CONTROL I N  LOW-DENSITY NOZZLES BY 

WALL SUCTION AND COOLING 

* 
M. R. Bo t to r f f  and K. W. Rogers 

The information i n  t h i s  r e p o r t  has been reviewed f o r  s e c u r i t y  
c l a s s i f i c a t i o n .  
Defense o r  Atomic Energy Commission programs has been made by t h e  
MSFC Secur i ty  C l a s s i f i c a t i o n  Officer.  This r e p o r t ,  i n  i t s  e n t i r e t y ,  
has been determined t o  be unc la s s i f i ed .  

accuracy. 

Review of any information concerning Department of 

This  r e p o r t  has a l s o  been reviewd and approved for  t echn ica l  

Chief, Aerodynamics Div is ion  

i 7  / .  
L ’ & c; -7. ,A& 

E. D. Geissler 
Di rec to r ,  Aero-As trodynamics Laboratory 

* 
Engineering Center,  Univers i ty  of Southern Ca l i fo rn ia  

55 



INTERNAL 

DISTRIBUTION 

EXTERNAL 

D I R  

R-DIR 

R- P&VE-D I R  

R-QUAL-DIR 

R-RP-DIR 

R- TE ST-D I R  

R-AERO 
D r .  Geiss le r  
M r .  Murphree 
M r .  D a h  
M r .  Holderer 
M r .  W. W. Vaughan 
M r .  Scoggins 
M r .  Ballance 
M r .  Felk 
M r .  C l a r k  
M r .  Baur 

MS- IP 

MS-IPL (8) 

MS-H 

cc-P 

HME -P 

Ames Research Center 
NASA 
Moffe t t  F i e l d ,  Cal i forn ia  

Manned Spacecraf t  Center 
NASA 
Houston 1, Texas 

AED C 
Tu1 lahoma , Tenn. 

Celestial Research Corporation 
1015 Fremont Ave. 
South Pasadena, Cal i forn ia  
Attn: D r .  R. Chum 

M. R. Bo t to r f f  
K. W. Rogers 

S c i e n t i f i c  and Tech. Info.  Fac i l i t y (25 )  
Attn: NASA Representat ive (S-AK/RKT) 
P. 0. Box 5700 
Bethesda, Maryland 

Langley Research Center (NASA) 
Langley A i r  Force Base, Vi rg in ia  

L e w i s  Research Center 
21000 Brookpark Road 
Cleveland 3 5 ,  Ohio 

Goddard Space F l i g h t  Center (NASA) 
Greenbelt ,  Maryland 

Jet Propuls ion Laboratory 
4800 Oak Grove Drive 
Pasadena 3 ,  Cal i fo rn ia  

. 


